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IN A lecture given at Osaka City University in September 1990, 0. Ya. Viro introduced the 
notion of 2-dimensional braid. A compact oriented surface F smoothly and properly 
embedded in 0: x 0: is called a 2-dimensional m-braid if the map F --P 0: induced from the 
second factor projection 0: x 0: + Dj is an m-fold branched covering of 0: and the 
restriction of F to 0: x t3Dj is the product of fixed m points on Df with aDi; which is also 
considered a braided surface with identically trivial boundary in the sense of L. Rudolph 
[7,8]. F is naturally extended to a closed oriented surface F in 0: x S2 = Df x (0: u D2) 
and, when we identify 0: x S2 with a tubular neighborhood of a standard 2-sphere S2 in R4, 
F is called a closed 2-dimensional m-braid in R4. He mentioned that every closed oriented 
surface smoothly embedded in R4 can be described as a closed 2-dimensional braid in R4. 
The idea of his proof seems to be applying Alexander’s argument [l], which gives a method 
of winding oriented links in R3 around the core z-axis, directly to closed oriented surfaces in 
R4 with a standard S2 as the core, but the details are unpublished. 
Our Theorem 1 gives an alternative proof of his result. We prove it by using the motion 
picture method (cf. [3, 61) and applying Alexander’s argument only to links in R3, therefore 
it is easy to visualize. In fact by our method one can easily deform a given surface in R4 
described by the motion picture method into a closed 2-dimensional braid. Although 
Theorem 1 is conversely obtained by assuming Viro’s result ($3), we prove it here by our 
method from the above reason. 
As an application of Theorem 1, we give a necessary and sufficient condition (Theorem 
2) that for any given integers c 2 1 and g 2 0, a group G is the group of a closed orientable 
c-component genus g surface embedded in R4. This condition is given by a certain Wirtinger 
presentation (cf. [lo]) related to the 2-dimensional braid. It is known that a group is the 
group of a closed orientable surface in R4 if and only if it has a finite Wirtinger presentation 
(cf. [9]). An important point of Theorem 2 is that the genus of the surface can be specified. 
F. Gonzalez-Acufia independently has a similar result on groups of surfaces in R4 by 
deforming surfaces in R4 to be like braids [4]. Our surfaces in R4 involved in Theorem 1 is 
a certain kind of refinement of his braidlike surface. 
Definitions and statements of Theorems are in $1. We prove Theorem 1 in 92 as stated 
above, with help of the normalization theorem [6] and Markov’s theorem. In 93 a relation- 
ship between Theorem 1 and Viro’s closed a-dimensional braids is observed. Finally 
Theorem 2 is proved in 94. 
Throughout this paper, a surface S in R4 is assumed to be piecewise linearly and locally 
flatly embedded in R4 and the group of S means the fundamental group of the complement 
of S in R4. 
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$1. DEFINITIONS AND RESULTS 
We identify R3 - {z-axis) with R: x S’ in the usual way, where R: is the half-plane 
((x, 0, z) E R3 Ix > O}. An B-deformation is an ambient isotopy {Iz~}~.~,,, 1l of R3 such that 
each homeomorphism h,: R3 -+ R3 fixes the z-axis and preserves R: x (s} for all s E S’. (We 
use the term ambient isotopy of X for an isotopy {/I,}~~[~. 1l:X x [0, l] --) X whose initial 
homeomorphism ho is the identity and each h,(t E [0, 11) is a homeomorphism of X. Two 
subsets of X are said to be ambient isotopic in X if one is deformed onto the other by an 
ambient isotopy of X.) 
We call an oriented link 1 in R3 a closed m-braid about z-axis if 
(i) 1 meets each R: x {s) (s E S’) transversally in m points and 
(ii) each component of 1 covers S’ positively under the projection I -+ S’ induced from 
the natural projection R: x S’ + S’. 
A closed m-braid about z-axis is trivial if it is deformed by an B-deformation into the 
product of m points on R: with S’. 
A band b attaching to a closed m-braid I in R3 about z-axis is said to be SIMPLE if one 
can deform 1 and b by an &?-deformation such that there is a cylindrical neighborhood 
D2 x [s, s’] of b whose intersection with I and b looks like Fig. 1, where D2 is a 2-disk in 
R: and [s, s’] is a small interval in S’. 
Let 1 be an oriented link in R3 and {b,, . . , b,} be mutually disjoint bands in R3 
attaching to 1 orientation-coherently. Then oriented link I’ = cl(1 u ( u i8bi) - I n ( u i3bi)) 
in R3 is called the link obtained from 1 by the hyperbolic transformations along {b,, . . . , b,}, 
[6]. We note that if 1 is a closed m-braid about z-axis and {b,, . , b,J are simple, then I’ is 
also a closed m-braid about z-axis. 
For a deformation I+ I’ which is hyperbolic transformations from 1 to I’ along bands 
{b,, . . , b,) (or is an ambient isotopic deformation by an ambient isotopy (h,},,Co, 1I 
of R3 which carries I to I’, resp.), we define the realizing surfuce F in R3 [tI, t2] = 
{(x, t) E R4\x E R3, t E [tI, t2] c R1}(fl < t2) by 
1 Ctl for t E CtI,UI + tJ/2) 
F n R3 [r] = (1 U ( U i bi)) [t] for t = (tl + t,)/2 
I’ Crl for t E ((t, + t2)j2, t2] 
or respectively 
F n R3[t] = h,(l)[t] for t E [t,, t2], 
where s = (t - r,)/(tz - tl). (For subsets A of R3 and J of R’, we denote 
subset{(x,t)ER41xEA,tEJ}ofR4=R3xR’.) 
by AJ (or A x J) the 
Fig. 1. 
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Let I0 --* 1i + ... -+ I,, be a finite sequence of deformations of links in R3 each of which is 
an ambient isotopic deformation or hyperbolic transformations. Its realizing surface F in 
R3 [to, t.] with respect to (to, ti, . . , t,) is defined by 
F n R3 [ti, ti+ 11 = {the realizing surface in R3 [ti, ti+ 11 of li + li+ I> 
for i = 0, 1,. . . , n - 1, where to,. . , t, be real numbers with t,, < ti < ... -C t,,. (We note 
that the realizing surface F’ in R3 [to, t,] with respect to (to, t;, . . . , tA_1, tn) is ambient 
isotopic to F in R3 [to, t,] rel boundary.) 
In case both lo and 1, are trivial links, we can cap the realizing surface F with disks. Let 
D_ and D, be disks in R3 bounded by I0 and 1, respectively. The closed surface 
F = D _ x [to] u F u D + x [t,,] in R4 is called the closed realizing surface. It is uniquely 
determined from F in the following sense: 
LEMMA 1 [6, 1.51. Let F’ = 03’ x [to] u F u E!J; x [t,] be another closed realizing 
surface of F, where III’ and ED!+ be disks in R3 bounded by I0 and 1, respectively. Then above 
Fund F’ are ambient isotopic in R4 by an ambient isotopy keeping R3 [to + E, t, - elfixedfor 
a suficiently small positive number E. 
THEOREM 1. For u closed oriented surface S in R4, there are a trivial closed m-braid l- in 
R3 about z-axis and mutually disjoint n simple bands bI, . . . , b, attaching to I_ for some 
integers m 2 1 and n 2 0 such that 
(i) [si, sf] n [sj, s3] = o for i # j where bi(i = 1, . . . , n) is contained in Dz x [si, $1 us 
in Fig. 1, 
(ii) the link 1, obtained from I_ by the hyperbolic transformations along {b,, . . . , b,} is 
a trivial closed m-braid about z-axis and 
(iii) S is ambient isotopic in R4 to the closed realizing surface of l_ + 1, 
This theorem gives an alternative proof of Viro’s result, 93. Using Theorem 1, we have 
a characterization of groups of closed orientable surfaces in R4 with given genus and given 
number of components. 
Let m 2 2 be an integer. Let ok (k = 1,. . . , m - 1) be the standard generators of the 
(classical dimensional ) m-braid group whose Artin’s automorphisms ek(k = 1,. . . , m - 1) 
ofthefreegroup <xi,. . . , x, > are given by ek(xk) = x k+l, ek(xk+i) = xC+‘ixkxk+i and 
ek(Xj) = Xj for j # k, k. + 1 (cf. [2]). For a m-braid w represented by bkl ... ok., its Artin’s 
automorphism fW is the composition ekr ... ek,. See [2], for a geometric interpretation of 
Artin’s automorphisms. (Artin’s automorphisms act on the right, hence ekek’ means apply ek 
first, then apply ek,.) The m-braid w naturally induces a permutation p = p(w) on m letters, 
[2]. The automorphism fW sends each generator xk(k = 1, . . . , m) to a conjugate element of 
xPui in the free group. 
Let n be a non-negative integer and let wi (i = 1, . . . , n) be m-braids, whose Artin’s 
automorphisms are denoted by A. A group presentation is called the (m, n)-presentation 
associated with m-braids wl, . . . , w, (or associated with fi, . . . , fn), if it is 
(x1,. . . , x,lfih) =fi(xJ (i = 1,. . . ,4>. (1.1) 
In case n = 0, the relations are empty and the group is the free group of rank m. For 
m = 1 we define the (1, 0)-presentation by (xi). Let J and ,ai(i = 1,. . . , n) be the Artin’s 
automorphism and the permutation on m letters induced from m-braid Wi. The imagesfi(xi) 
andA of x1 and x2 are represented by R,i xPiCIJ Ri, 1 and R,yj xpi (2) Ri, 2 respectively for 
some words Ri, 1 and Ri.2 in xi,. . ,x,. The relation fi(xi) =f;(xJ implies that 
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xMi(l) = (Ri, 2 RL: )- ’ -‘pi(~) (Ri, 2 R,::). Therefore an (m, n)- presentation is a Wirtinger pre- 
sentation (cf. [lo]) with m generators and n relations. 
We say that m-braids wl,. . . , M’, satisfy the d-condition if we can choose sl, . . . , c, such 
that &i = + 1 (i = 1,. . , n) and 
n 
n w;‘f7;‘wi = 1. (1.2) 
i=l 
We say that an (m, n)-presentation satisfies the &condition if n = 0 or there exist n m-braids 
satisfying the &condition which associate with the (m, n)-presentation. In terms of the 
Artin’s automorphisms, (1.2) is equivalent to 
(1.3) 
THEOREM 2. For any given integers c 2 1 and g 2 0, a group G is isomorphic to the group 
of a closed c-component (total) genus g orientahle surface in R4 if and only if 
(i) it has an (m, n)-presentation satisfying the ?-condition ,for some integers m 2 1 and 
n 2 0 such that 2m - n = 2c - 2g and 
(ii) G/[G, G] is the free abelian group of rank c. 
In special case c = 1 and g = 0, it gives a characterization of 2-knot groups. A group is 
a 2-knot group if and only if it has an (m, 2 m - 2)-presentation satisfying the &condition for 
some integer m 2 1 and G/[G, G] is infinite cyclic. 
Remark. For the definitions of the J-condition and the (m, n)-presentation, we used o1 in 
(1.2) andA =fi(x,) in (1.1). There is no particular reason that we use them. When we use 
oj(j = 2,. , m - 1) in (1.2) and,fi(xj) =,fi(xj+ i) in (1.1) instead of them, Theorem 2 is still 
valid. In fact if wl, . , MI, satisfy the d-condition for whose definition we use ol, then there 
exist m-braids w;, . . , w: which satisfy the &condition for whose definition we use ~j such 
that the group represented by the (m, n)-presentation associated with wi, . , w, has the 
(m, n)-presentation for whose definition we use,L(xj) =,fi(Xj+ ,) associated with w;, . . . , WA. 
$2. PROOF OF THEOREM 1 
The normalization theorem [6] is considered as a special kind of Morse theory, which 
asserts that any closed oriented surface S embedded piecewise linearly and locally flatly in 
R4 = R3 x R’ is ambient isotopic to a surface whose all minimal points are in R3 [t,], all 
saddle points in R3[t1] and all maximal points R3 [t2] for any to < tl < t2. More precisely, 
it asserts that there are trivial oriented link I_ and mutually disjoint bands b,, . . , b, 
attaching to I- such that (i) the link 1, obtained from I_ by the hyperbolic transformations 
along { bI , . . , b,l_ is a trivial link and (ii) S is ambient isotopic in R4 to the closed realizing 
surface of I_ --+ 1,. Therefore we may start by assuming that S is in such a form. 
LetB,,. . , B, be regular neighborhoods of b,, . . , b, in R3. If we do not require I_ to 
be a closed braid about z-axis, they can easily deformed by an ambient isotopy of R3 such 
that each Bi(i = 1, , r) is 0’ x [si, $1 c R: x S’ = R3 - {z - axis} and bi is as in Fig. 
1, where 02 is a 2-disk in R: and [si, $1 is a small interval on S’ satisfying 
[si, $1 n [sj, $1 = 0 for i # j. By the argument of [2, Lemma 2.1.21, we can modify I_ into 
a closed braid about z-axis by an ambient isotopy of R3 rel Ur= 1 Ei. Then 1, is also a closed 
braid about z-axis and a trivial link. S is ambient isotopic in R4 to the closed realizing 
surface of new 1~ + 1+ . [Proof Let S be the closed realizing surface in R3 [t_ 1, to] of the 
original I_ -+ 1,. Consider an ambient isotopy of R3 [t- 1, to] whose restriction to each 
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R3 [t] (t E [t-r, to]) coincides with the above ambient isotopy of R3. It is extended to an 
ambient isotopy of R4 carrying S to the closed realizing surface of new I- + 1, .] 
If both I_ and 1, are trivial closed braids, we have the result. So we assume that I- or 1, 
is not a trivial closed braid. Suppose that 1, is not a trivial closed braid. Since it is a trivial 
link, it follows from Markov’s theorem that there is a finite sequence of closed braids about 
z-axis, say 
1, =10,+1~+1~+ ... -+l”,, (2.1) 
such that l”, is a trivial closed braid and each I’;-- 1 -+ I!+ (i = 1, . . . , p) is an %deformation 
or a stabilization. We may assume that it is an 96deformation for odd i and a stabilization 
for even i. Note that S is ambient isotopic in R4 to the closed realizing surface S,, in 
R3[t_I, tJ with respect to (c_~, to, tl,. . . , tp) of 
l-+1, =10,+1:+1:+ ..‘-+l”,, 
wheret_,,t,,t,,. . . , t, be real numbers with ti < tj (i < j). [In fact, since (2.1) is a sequence 
of ambient isotopic deformations of R3, the surface E = So n R3 [to, tJ is homeomorphic 
to some disks which can be pushed into R3 [to] by an isotopy of R4. The deformed So is 
a closed realizing surface of I_ + 1, in R3 [t_ 1, to]. By Lemma 1, S and So are ambient 
isotopic in R4.] 
Case 1. Suppose that the stabilization 1: -+ 1% increases the braid index by one. Let O1 
be a small circle around z-axis. Let [s, + 1, s: + 1 ] be an interval on S’ disjoint from [si, sf] for 
i= 1,. . . , r. We can deform 1: and 1: to closed braids 1;’ and 1;’ by W-deformations 
respectively such that there exists a band b in R$ x [s I+ Ir s:, 1] connecting 1;’ with Or as in 
Fig. 1 along which the link 1;’ is obtained by the hyperbolic transformation. Then 1;” is 
obtained from 1;’ by an ambient isotopy of R3 which transforms 1;’ along the union of b and 
a small disk D bounded by O1. We denote by 1:’ + 1;’ this ambient isotopic deformation. 
The composition of l”, + 1: with 1: + 1;’ and the composition of 1;” + 1: with 1: -+ 1: are 
&?-deformations, which we denote by l”, + 1;’ and 1;’ -+ 1: respectively. Replace the sub- 
sequence I”, -+ 1: + 1: + 1: in (2.1) by l”, + 1;’ + 1;’ + 1:. From the same reason that S and 
So are ambient isotopic in R4, S is ambient isotopic in R4 to the closed realizing surface S1 of 
/_+I, =I”, +1;‘-+1;‘+1:+ ... +I”, (2.2) 
with respect to (t-i, co, tr,. . . , tJ. By an ambient isotopy of R4 keeping 
R3 ( - co, tJ u R3 [t2, cc ) fixed, we deform S1 n R3 [tI, t2] (, which corresponds to the 
realizing surface of 1:’ -+ 17,) such that 
1 
1;’ Ctl for t E Ctl, (tl + W4 
S1 n R3 [t] = (1;’ LJ b u D)[t] for t = (tl + t,)/2 
1;’ Ctl for t E WI + W2r~21, 
and denote by S; the deformed Si. Let D_ and ID, be disks in R3 bounded by I- and 
I”, respectively such that S; = D_ [t_ J u F, u 03, It,], where F, is the “deformed” 
realizing surface of (2.2). Since D (and 0,) can be chosen arbitrary small, we may assume 
that the intersection of S; and D x [t- 1, (tI + t,)/2] is D x [(tl + t2)/2]. By the following 
well-known lemma, S; is ambient isotopic in R4 to SZ = (D- u D) [t_ J u F2 u D, [t,], 
where F2 is the realizing surface of 
I_ u 01 -+ 1, u 01 -+ 1;’ u 01 -+ 1;’ -1: -+ .‘. -1; 
with respect to (t-r, to, tl,. . . , tP) such that the first two deformations are naturally 
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induced from original ones and third one 1;’ u O1 + 1 :’ is the hyperbolic transformation 
along b. 
THE CELLULAR MOVE LEMMA (cf. [6, 1.71). Let F and F’ be surfaces in R4 which is difer by 
a 3-disk D3 in R4, that is, the intersection ofF (or F’, resp.) and D3 is a 2-disk D (or D’, resp.) on 
a D3 such that D u D’ = 2 D3, D n D’ = C? D = 8 D’ and F - D coincides with F’ - D’ in R4. 
Then F is deformed into F’ by an ambient isotopy of R4 whose support is an arbitrary small 
neighborhood of D3 in R4. 
Let b,+l be the simple band attaching to 1, u O1 which is obtained from b by the 
inverse of the W-deformaton realizing 1, u O1 --f 1;’ u O1. Let r+ be the closed braid 
obained from I+ u O1 by the hyperbolic transformations along b,+ 1. We see that S2 is 
ambient isotopic in R4 to the closed realizing surface of 
I_ u 0, +I, u 01 -+I, u 01 -+I, -1: -+ ... -1: 
withrespectto(t_,,t,,t,,. . . , t,),wherel+ u OL+l+ u O1 istheidentity,l+ u Or -1, 
is the hyperbolic transformation along b, + 1 and I+ + 1: is an 9-deformation. [Proof: Let 
{hJ.EtO, 11 be the ambient isotopy of R3 realizing 1, u O1 -+ 1; u O1. The desired ambient 
isotopy {gV}vstO. rl of R4 is defined by 
g,(x [t]) = h,‘(x) [t] for x E R3 and t E R, 
where s = (t - to)/(tl - to) for t E [to, tJ, for t E [tl, tJ, (t3 - t)/(t3 - tz) for t E [tz, t3] or 
0 otherwise. Note that {h,} and 1;’ -+ 1: are &?-deformations, so is the deformation r+ -+ 1: .] 
Since b is simple and contained in R: x [s,+ 1, .$+ 1] such that [s,+ r, s:, r] c S’ is disjoint 
from [si, $1 for i = 1, . . . , r, its image b,+ 1 under an %deformation has the same proper- 
ties. Especially it is disjoint from bI, . . . , b,. Using the cellular move lemma on 3-disk 
b r+l x [(t_ 1 + t,)/2, (tI + r2)/2], we see that the above closed realizing surface is ambient 
isotopic to that of 
_ _ 1 
I- u 01 -+I+ 41, +I+ -+1: + .” -1: 
with respect to (tml, to, tl, . . . , tp). Put I- u 0, = r’_ and p+ = pi_2 (i = 3, . . . , p). We 
have a sequence 
I_+~+=i~+i$+ . . . +if-2, 
whose closed realizing surface is ambient isotopic in R4 to S, such that i_ -+ 1’, is hyperbolic 
transformations along { bI , . . , b,+ L}, $ ’ -+ i!! is an g-deformation for odd i and a stabil- 
ization for even i and the terminal If-* is a trivial closed braid about z-axis. 
Case 2. Suppose that the stabilization 1: + 1: decreases the braid index by one. Then 
we can deform 1: and 1% to 1;’ and 1;’ by W-deformations respectively such that there is 
a simple band b attaching to 1;’ along which the link obtained from 1;’ by the hyperbolic 
transformation is 1;’ u 01, where Or is a small circle around z-axis. The stabilization 
1 ;’ + 1;’ is performed along b and a small disk D bounded by Or. Note that S is ambient 
isotopic in R4 to the closed realizing surface S1 in R3 [t_ I, tP] of the sequence 
I_ +I, = I”, +1;‘+1;‘-+1~ -+ ... +l”,. 
We deform Sl n R3 [tl, t2], which corresponds to the realizing surface of the stabilization 
1 ;’ + I;‘, by an ambient isotopy of R4 keeping R3 ( - 3c1, tJ u R3 [t2, co ) fixed such that 
1;’ Ctl for t E Ct 1, (tl + t2)/2) 
S1 n R3[t] = (1;’ u b u D)[r] for t = (tl + t2)/2 
l’c” [t] for t E ((tl + t2)/2, t2]. 
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From the same reason as in Case 1, we may assume that the intersection of the deformed Si 
and D x [(cl + t,)/Z, tp] is D x [(cl + t,)/2]. Hence by the cellular move lemma, Si is 
ambient isotopic to the closed realizing surface S2 of 
I_ -+ 1, = l”, -+ 1;’ + 1;’ v 01+ 1: v 01 + ... + I”, v 01. 
Let b,+ 1 be the simple band attaching to 1, (or l_) obtained from b by the inverse of the 
%?-deformation realizing l+ -+ 1;‘. It may be assumed to be contained in R: x [s,+ 1, s:+ 1], 
where CS,+~, $+I ] is an arc on S’ disjoint from [SC, sf] for i = 1,. . . , r. Let r+ be the link 
obtained from 1, by the hyperbolic transformation along b,+l (, equivalently the link 
obtained from l_ by the hyperbolic transformations along {b,, . . . , b,+ ,},) and let r_ = I_ 
and Fi-’ = 1: v O1 for i = 3,. . . , p. By the same argument as in Case 1, we have a new 
sequence 
i_ +i+ =i$! +i: + . . . -if-* 
whose closed realizing surface is ambient isotopic in R4 to S, such that i_ + I”, is hyperbolic 
transformations along {b, , . . . , b,+ 1}, I’l_ ’ + Fi is an 6%?-deformation for odd i and a stabil- 
ization for even i and the terminal if-’ . IS a trivial closed braid about z-axis. 
Continue these procedure until we have a new closed braid I_ about z-axis and 
mutually disjoint simple bands bI, . . . , b,, b,+I,. . . , br+lp,21 attaching to I_ such that 
[Si, $1 n [Sj, sj] = 0 for i #j and the link I+ obtained from I- by the hyperbolic 
transformations along these bands is a trivial closed braid about z-axis and S is ambient 
isotopic in R4 to the closed realizing surface of I_ -+ 1,. 
Performing the same argument on the side of I_ , we have a desired trivial closed braid I_ 
and mutually disjoint simple bands bI , . . . , b, attaching to I_. This completes the proof of 
Theorem 1. 
$3. ON VIRO’S CLOSED 2-DIMENSIONAL BRAIDS 
The definition of closed 2-dimensional braids can be restated as following: A closed 
2-dimensional m-braid F in R4 is a closed oriented surface in R4 contained in a tubular 
neighborhood Df x S* of a standard 2-sphere S* in R4 such that the map F+ S* induced 
from the projection 0: x S* -+ S* is an m-fold branched covering. For if necessary changing 
the identification 0: x S* slightly, we may assume that F n Df x D* is the product of fixed 
m points on 0: with D*, where D* is a sufficiently small 2-disk on S*. Then the remainder is 
a 2-dimensional m-braid in 0; x (S* - int 0’). 
Let D and C be the unit disk and the unit circle on the xy-plane in R3. We consider S* 
the union D- v A v D, in R4, where A is the annulus C [ - 1, l] in R3 [ - 1, l] and D_ 
(resp. D,) is a properly embedded unknotted disk in R3 ( - cc, - l] (resp. R3 [l, co)) 
obtained by pushing D [ - l] (resp. D [l]) slightly. 
Let S be a closed realizing surface in R3 [ - 1, l] of hyperbolic transformations from 
a trivial closed m-braid l_ about z-axis to 1, along simple bands (b,, . . . , b,} satisfying 
the conditions (i) and (ii) in Theorem 1. We may assume that I_ and 1, are in 0: x C 
and the realizing surface F of l_ + 1, is contained in the tubular neighborhood 
Df x A = (0: x S2)IA of A in R3 [ - 1, 11. By deforming each saddle bands of F as in Fig. 2, 
the map F -+ A induced from 0: x A -+ A is a m-fold branched covering of A. 
By Lemma 1, without loss of generality, S is supposed to be the closed F with two 
families of unknotted parallel m disks contained in 0: x D _ and 0: x D + . Then the map 
S + S* induced from 0: x S* + S* is an m-fold branched covering, hence S is a closed 
2-dimensional m-braid in R4. Furthermore we note that the branched covering S + S2 is 
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Fig. 2. 
simple, i.e. each branch point P has a disk neighborhood A in S2 one of whose preimage 
covers A doubly with branch point P and the others cover A homeomorphically. 
From Theorem 1 and the fact observed above, we have the following theorem due to 
Viro: 
THEOREM 3. Any closed oriented surface in R4 is ambient isotopic to a closed 2-dimen- 
sionul braid in R4 such thltt the associated branched covering is simple. 
Conversely, let S be a closed 2-dimensional m-braid in 0: x S2 c R4 such that the 
associated branched covering is simple. By deforming S in 0: x S2, all branch points are 
assumed to be on the centerline C [0] c R3 CO] of A. For each branch point P, let P” on S be 
the lift whose branching index is 2. In a neighborhood of P” in R4, S is as in Fig. 2. Deform 
these saddle points to saddle bands which are simple and in R3 [O]. Put 
S n R3 [ - E] = I_ [ - E] and S n R3 [c] = I, [E] for a sufficiently small positive number 
E such that we can consider S n R3 [ - C, E] as the realizing surface of hyperbolic trans- 
formations from I_ to I+ along these bands. Since the restrictions of the map S -+ S2 to 
SnR3(- a, - E] and S n R3 [E, E ) have no branch points, we see that both I_ and 1, 
are trivial closed m-braids about z-axis and that S n R3( - x, , - E] and S n R3 [E, co ) 
are families of parallel unknotted disks (cf. c.5, 81). This implies that S is ambient isotopic in 
R4 to the closed realizing surface of I_ + I,. By sliding bands keeping simple, the condition 
(i) in Theorem 1 is satisfied. Therefore any closed 2-dimensional m-braid in R4 whose 
associated branched covering is simple is ambient isotopic to a closed realizing surface as in 
Theorem 1. 
$4. PROOF OF THEOREM 2 
Proof of the only if part of Theorem 2. Let G be the group of a closed c-component genus 
g orientable surface S in R4. (ii) is immediate. By Theorem 1, S is ambient isotopic in R4 to 
the closed realizing surface of hyperbolic transformations from a trivial closed m-braid I_ to 
1, along simple n bands (b,, , b,}, for some m 2 1 and n 2 0, satisfying the conditions in 
Theorem 1. It has m maximal, m minimal and n saddle points, so the Euler characteristic is 
2m - n, which is 2c - 29. We show that G has an (m, n)-presentation satisfying the 
&condition. 
In case n = 0, S is unknotted 2-spheres in R4 and c, the number of components, is equal 
to m. Then G is the free group of rank c = m and hence has an (m, 0)-presentation satisfying 
the d-condition. So we assume that II is the non-zero. 
Take a small arc [so, $1 on S’ such that [so, $1, [si, s;], . . , [s,, s;] are mutually 
disjoint. If necessary by renumbering hi, . . . , b,, we may assume that they are positively 
ordered on S’. Let X, = { pl, , pm} be fixed m consecutive points along x-axis on R$. 
Since l_ is a closed braid about z-axis and the bands are simple, we can modify them by an 
W-deformation such that I_ n R: x [Si, $1 (i = 0, 1, . . . , n) is the product X, x [Si, $1 and 
the band bi(i = 1,. . . , n) attaches to arcs p1 x [si, $1 and p2 x [Si, $1 as in Fig. 3. 
Define wt(i = 1,. . . , n) by the inverse of the braid represented by I_ restricted to 
R: x [sb, Si]. We first show that they satisfy the &condition. Let vi (i = 1,. . , n) and 
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Ui(i=l,..., n + 1) be the braids represented by 1, restricterd to R: x [si, si] and to 
R: x [.sl_ 1, Si] respectively, where s,+ 1 = s . Since I_ and 1, are trivial closed m-braids, the ,, 
following two equations hold in the m-braid group; 
n+l 
iJJ ui = 1 and (4.1) 
From definitions of WI’s and Ui’S, we have 
ur = w;’ ,ui=wi_lwi-‘(i=2 ,..., n) and u,+~=w,. (4.2) 
Foreachi(i= 1,. . . , n), choose si( = + 1) such that oy = Ui. Then by (4.1) and (4.2), we see 
that the a-condition is satisfied. 
We show that G has the (m, n)-presentation associated with above wl,. . , w,. Take 
a point q E R: such that q x S’ c R: x S’ bounds a disk D, in R3 disjoint from 
I_ u (U,!= I bi). Let x1, . . . , X, be 100~s on R: - X, with base point q which are meridians 
ofp,,. . . ,p,and,foreachi(i=O,l,..., n),letx? ,.,., xi’becopiesofx, ,..., x,on 
(R: - X,)X (Si). W e d enote by f; the isomorphism from rcr ((R: - X,) x {Si}, q x {Si}) = 
(xf’, . ._. ) x2’) to n, ((R: - X,) x (so}, q x {so}) = (x1’), . . , xc’) induced from wi. Then 
rcl (R3 - I-) z x1 (R3 - I-, D,), which is the free group (XT), . . . , xc’), has a presentation 
(XY), . . ) XC’, xy,. . )X$‘, . . . ) xy,. . ) xg’ 1 xji) =h(xji’) (1 I i 5 n, 1 I j I m)). 
(4.3) 
Let F in R3 x [ - 1, l] be the realizing surface of I_ -+ 1, and P be the closed realizing 
surface, which is ambient isotopic to S in R”. By van Kampen’s theorem, 
n, (R4 - S) z nl (R4 - F) z n1 (R3 x [ - 1, l] - F) is the quotient of rrl (R3 - I_) by the 
normal closure of the relators associated with saddle bands br, . . . , b,, cf. [9]. Since the 
bands are as in Fig. 3, the additional relations for (4.3) are 
(xi”=xt’ (i=l,...,n)}. 
Therefore after removing extra generators and relations, G zz 7cr (R4 - S) has a presentation 
(xi@, . . . ( xp Ih(xf’) =f;(x:“) (i = 1,. . . ) n)). 
Replacing XI”) = xj (j = 1, . . . , m) and regarding f;:(i = 1, . . . , n) as the automorphism of 
the free group (x1,. . . , x,,,), we have the (m, n)-presentation associated with wl,. . , w,. 
This completes the proof of the only if part of Theorem 2. 
Proof of the ifpart of Theorem 2. Suppose G has an (m, n)-presentation associated with 
m-braids wr, . . . , w, satisfying the d-condition for some integers m 2 1 and n 2 0. Let 
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El,. . . , E, be f l’s satisfy the equation (1.2). Put Di = CJ~ (i = 1,. . , n). Define m-braid Ui 
(i= 1,. . , n + 1) by (4.2). Then the equations (4.1) hold. Let [so, sb], [s,, s;], . . . , [s,, s:] 
be mutually disjoint and positively ordered n + 1 arcs on S’. Consider a closed m-braid 1_ 
in R3 about z-axis such that I_ restricted to R: x [si, sl] (i = 0, 1, . . . , n) is X,,, x [Siy $1 and 
I- restricted to R: x [sf_ 1, si] = (i = 1, . . . , n + 1) represents m-braid Ui. Let b,, . . , b, be 
simple bands attaching to I_ such that each bi is contained in R: x [si, $1 as in Fig. 3 and 
corresponds to the braid Ui. Since the equations (4.1) hold, we see that I_ and the link I+ 
obtained from 1_ by the hyperbolic transformations along {b, , . . . , b,} are trivial closed 
m-braids about z-axis. The closed realizing surface F in R4 or I_ + I, has Euler character- 
istic 2m - n and the group is isomorphic to G. Since G/[G, G] has rank c, F has c connected 
components and its genus g must satisfy 2m - n = 2c - 29. This completes the proof of the 
if part of Theorem 2. 
Remark. Braids Wi(i = 1,. . . , n) and exponents Ei(i = 1, . , n) satisfying (1.2) deter- 
mine a 2-dimensional braid which is unique up to 2-dimensional braid isotopy (up to 
equivalence in the sense of [S]) as follows: Let F be the closed realizing surface constructed 
as in the proof of the if part of Theorem 2 and let p be a point in the interior of 
A = C [ - 1, l] whose first factor is sO and the second factor is close to - 1. We may take 
a disk neighborhood 0’ in S2 = D_ u A u D + so small that the restriction of F to 0: x D2 
is the product of X, with D2. Then F n 0: x (S2 - int D2) is a 2-dimensional braid. By the 
construction, it is easily seen that such a 2-dimensional braid is unique up to 2-dimensional 
braid isotopy. 
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